We introduce an upper Minkowski dimension for measures and show that it can be used to approximate the upper Minkowski dimension of a compact doubling metric space arbitrarily well. We are lead to this concept by considering the Assouad spectrum of measures and we obtain uniform approximation results in this context.
Introduction
Let (X, d) be a metric space. Since we use only one metric d on X, we simply denote (X, d) by X. A closed ball centered at x ∈ X with radius r > 0 is denoted by B(x, r). We call any countable collection B of pairwise disjoint closed balls a packing. It is called an r-packing for r > 0 if all of the balls in B have radius r. Let X be compact and write N r (X) = max{#B : B is an r-packing} < ∞.
The upper Minkowski dimension of X is dim M (X) = lim sup r↓0 log N r (X) − log r .
The above definitions, and also the definitions in coming sections, extend naturally to all subsets of X by considering the restriction metric. Let µ be a fully supported locally finite Borel measure on X. We define the upper Minkowski dimension of µ to be dim M (µ) = inf{s 0 : there exists a constant c > 0 such that µ(B(x, r)) cr s for all x ∈ X and 0 < r < 1}.
Our definition is different to that of Pesin [24, §7] . He introduced a quantity which is at most dim M (X) whereas ours is at least dim M (X). We say that X is doubling if there is N ∈ N such that any closed ball of radius r > 0 can be covered by N balls of radius r/2. Our main theorem is the following result.
Theorem A. If X is a compact doubling metric space, then dim M (X) = inf{dim M (µ) : µ is a fully supported finite Borel measure on X}.
By the anti-Frostman lemma proven by Tricot [25, Lemma 4] , we see that the infimum above is at most dim M (X). The proof of the other inequality relies on the study of the Assouad spectrum, a concept introduced by Fraser and Yu [10] . In Theorem 3.3, we show that the Assouad spectrum of measures uniformly approximates the Assouad spectrum of sets arbitrary well. After this, the main theorem follows easily since, in the technical part of our study, we show that the Assouad spectrum of measures converges to the upper Minkowski dimension of measures as the associated parameter goes to zero.
In Section 4, we note that the anti-Frostman lemma follows from our main result. We use it to study the packing dimension. Finally, in Section 5, we demonstrate that, interestingly, the lower spectrum of measures does not approximate the lower spectrum of sets. The lower spectrum is a natural counter-part to the Assouad spectrum.
Assouad spectrum
In this section, we examine how the upper Minkowski dimension of measures is related to wellknown dimension concepts such as the packing dimension and the Assouad spectrum. Recall that if q ∈ R, then the L q -spectrum of µ is 
Proof. Counting from left to right, the first inequality was already stated and referred to above. Let us show the second inequality. Fix −∞ < q < 1, choose dim M (µ) < s, and let B be an r-packing. Since µ(B) cr s for all B ∈ B where c > 0 is a constant, we have
This implies M q (µ, r) c q−1 µ(X)r s(q−1) for all 0 < r < 1 and τ q (µ) s(q−1). Hence dim L q (µ) s as claimed.
To show the third inequality, fix 0 < θ < 1 and let dim θ
for all x ∈ X and 0 < r < 1. Since X is compact and µ is fully supported, there exists γ > 0 such that
for all x ∈ X. Indeed, if this was not the case, then there would exist a sequence (x n ) n∈N of points in X such that µ(B(x n , 1 2 )) < 1 n for all n ∈ N. By compactness, X can be covered by finitely many balls of radius 1 4 . If B is one of the covering balls and contains infinitely many points x n 1 , x n 2 , . . . from the sequence (x n ) n∈N , then µ(B) µ(B(x n i , 1 2 )) 1 n i for all i ∈ N and, consequently, µ(B) = 0. This cannot be the case since µ is fully supported and therefore, the sequence (x n ) n∈N can contain only finitely many distinct points. But this means that there is a point x appearing infinitely times in the sequence (x n ) n∈N and therefore, µ(B(x, 1 2 )) = 0. This contradiction proves (2.2).
Fix 0 < r < 1 and choose k ∈ N such that r θ 
for all x ∈ X. Since (− log r) log c/ log θ r −(s−t) → 0 as r ↓ 0, it follows that there is a constant c ′ > 0 such that µ(B(x, r)) c ′ r t for all x ∈ X and 0 < r < 1 and hence, dim M (µ) t as required.
Let us then show the fourth inequality. Fix 0 < θ < 1 and observe that dim θ A (µ) dim A (µ) by definition. Therefore, let dim M (µ)/(1 − θ) < s. This means that there is c > 0 such that µ(B(x, r)) cr (1−θ)s for all x ∈ X and 0 < r < 1. Since now
for all x ∈ X and 0 < r < 1, we get dim θ A (µ) s as required.
Minkowski dimension
In this section, we prove an approximation result for the Assouad spectrum and use that to prove the main theorem. Following [1] , we define the Assouad dimension of X to be dim A (X) = inf{s 0 : there exists a constant C 1 such that
for all x ∈ X and 0 < r < R < 1}.
It is easy to see that dim A (X) < ∞ if and only if X is doubling. Following [9, 10] , we define the Assouad spectrum of X to be dim θ A (X) = lim sup In [26, Theorem 4 ] (see also [17, Theorem 5 .1]), they constructed a compact doubling metric space X such that dim A (X) < dim A (µ) for all fully supported doubling Borel measures µ on X. Our goal is to unveil a similar phenomenon for the Assouad spectrum and the Minkowski dimension. A simple volume argument shows that dim A (X) dim A (µ) for all doubling measures µ on X. The following proposition verifies an analogous statement for the Assouad spectrum.
Proposition 3.1. If X is a doubling metric space and µ is a fully supported locally finite Borel measure on X, then
for all x ∈ X and 0 < r < 1. Let x ∈ X, choose λ > 2 1/θ , and fix
Let {B(x 1 , r), . . . , B(x P , r)} be a packing of B(x, r θ ) for some P ∈ N. Since X is doubling, we only need to consider finite packings. By [20, Lemma 2.1], we see that {1, . . . , P } can be partitioned into sets I 1 , . . . , I M , where M ∈ N depends only on X and λ, such that each collection {B(x i , λr)} i∈I j is a packing of B(x, r θ ). Since
for all i ∈ N, we have, by (3.1),
for all x ∈ X and 0 < r < r θ . Hence, dim θ A (X) s as claimed.
Let us recall the existence of "dyadic cubes" in doubling metric spaces.
Proposition 3.2. If X is a compact doubling metric space and 0 < ̺ < 1 7 , then there exists a collection {Q k,j : k ∈ N and j ∈ N k ⊂ N} of Borel sets satisfying the following properties:
The existence of such cubes allows us to prove the desired approximation result for the Assouad spectrum. One striking feature of the result is that it is uniform in θ, that is, the same measure can be chosen to achieve a given approximation simultaneously for all θ ∈ (0, 1), and also for the Assouad dimension (although not stated in the result).
µ is a fully supported finite Borel measure on X} = 0.
Proof. By Proposition 3.1, it suffices to show that for every s > dim θ A (X) there exists a fully supported finite Borel measure µ such that dim θ A (µ) s for all θ ∈ (0, 1). Note that such s necessarily depends on θ. The outline of the argument is straightforward and follows the proof of [19, Theorem 3.1]. We define µ to be as uniformly distributed a measure as possible. The task is to show that the measure µ(B(x, r)) is uniformly bounded below by a constant times
is a minimal covering of B(x, r θ ), then, by the assumption, k is at most a constant times r (θ−1)s . Since the measure µ is close to being uniformly distributed, the upper bound in the estimate µ(B(x, r θ )) k i=1 µ(B(x i , r)) is roughly kµ(B(x, r)) and the claim follows. The reason that the result can be proved uniformly in θ is because the desired measure is constructed independently of θ.
To construct the measure µ, we employ the dyadic cubes given by the previous proposition. Fix 0 < ̺ < 1 7 and let Q = {Q k,j : k ∈ N and j ∈ N k } and {x k,j : k ∈ N and j ∈ N k } be as in
Notice that the properties (3) and (4) in Proposition 3.2 and the fact that X is doubling imply that there exists M ∈ N such that M k,j M for all k ∈ N and j ∈ N k . Define µ 0 : Q → [0, ∞) by setting µ 0 (Q 1,1 ) = 1 and
and µ(A) = sup δ>0 µ δ (A). Since, by the properties (2) and (3) of Proposition 3.2,
we see that µ(Q k,j ) = µ 0 (Q k,j ) for all k ∈ N and j ∈ N k . Therefore, in particular, the property (1) of Proposition 3.2 implies that µ is a Borel probability measure and
Fix θ ∈ (0, 1), x ∈ X, and 0 < r < 1. By showing that there exists a constant c > 0 not depending on x or r such that µ(B(x, r))
6 ̺ k+1 and note that, by the property (4) of
) θ r θ and X is doubling, only K many balls B j are needed, where K depends only on ̺, θ, and the doubling constant of X. Observe that, for each j, the collection
Recall that 7 6 ̺ k < r 2 7 6 ̺ k+1 and, by (3.3), the set B(x, r θ ) can be covered by finitely many sets Q k,j . We shall next show that
whenever j, m ∈ Λ k (x, r θ ). We may assume that j = m as otherwise there is nothing to prove.
(3.5) Let q ∈ N be the largest integer for which Q k,j ∪ Q k,m ⊂ Q q,p for some p ∈ N q . For each n ∈ {q, . . . , k − 1} let i n , m n ∈ N n be the indices that satisfy Q k,j ⊂ Q n,jn and Q k,m ⊂ Q n,mn . If there exists n ∈ {q, . . . , k − 2} such that
x n,jn = x n+1,j n+1 and x n,mn = x n+1,m n+1 
This shows (3.2) and, therefore, dim θ A (µ) s as claimed. We are now ready to prove the main result which we repeat here.
Proof. By [10, Proposition 3.1], we see that dim M (X) dim θ A (X) for all 0 < θ < 1. By Propositions 3.1 and 2.1, we have
1 − θ for all fully supported finite Borel measures µ on X and 0 < θ < 1. By letting θ ↓ 0, we see that dim M (X) dim M (µ) for all fully supported finite Borel measures µ on X.
On the other hand, by Proposition 2.1, we have dim M (µ) dim θ A (µ) for all fully supported finite Borel measures µ on X and 0 < θ < 1. For every ε > 0, by Theorem 3.3, there exists a fully supported finite Borel measure µ on X such that dim θ A (µ) dim θ A (X) + ε for all 0 < θ < 1. By [10, Proposition 3.1], it holds that
We have thus shown that for every ε > 0 there exists a fully supported finite Borel measure µ such that
A natural question now is whether the infimum can be attained in Theorem A. We consider a tuple Φ = (ϕ i ) N i=1 , where N 2 is an integer, of contracting mappings acting on R d . The invariant set associated to Φ is the unique non-empty compact set X ⊂ R d satisfying
see [14] . Let us now assume that each of the map ϕ i is a similitude, i.e. satisfies |ϕ i (x) − ϕ i (y)| = r i |x − y| for some contraction coefficient 0 < r i < 1. In this case, the corresponding invariant set is called self-similar. Furthermore, if C ⊂ R d is compact, then the inhomogeneous self-similar set with condensation C associated to Φ is the unique non-empty compact set X C ⊂ R d with
see [3, 2] . Note that, with this notation, X ∅ is the self-similar set. Here the set Σ * is the set of all finite words n∈N Σ n , where Σ n = {1, . . . , N } n for all n ∈ N. If i = i 1 · · · i n ∈ Σ n for some n ∈ N, then σ k (i) = i k+1 · · · i n ∈ Σ n−k for all k ∈ {0, . . . , n − 1}. The set Σ = {1, . . . , N } N is the set of all infinite words. If i = i 1 i 2 · · · ∈ Σ, then i| n = i 1 · · · i n ∈ Σ n for all n ∈ N. Finally, if i = i 1 · · · i n ∈ Σ n for some n ∈ N, then ϕ i = ϕ i 1 • · · · • ϕ in .
We say that Φ satisfies the condensation open set condition (COSC) with condensation C if there exists an open set
. . , N }, and ϕ i (U ) ∩ ϕ j (U ) = ∅ whenever i = j. Without the reference to the condensation set C, this is the familiar open set condition which, by [14] , implies that dim H (X) = dim A (X) = dim sim (Φ), (3.7) where the similitude dimension dim sim (Φ) is the unique number s 0 for which N i=1 r s i = 1. The following proposition shows that in a large class of inhomogeneous self-similar sets there does not exist a doubling measure which achieves the infimum in Theorem A. We follow [17, proof of Theorem 5.1] to see that if x ∈ C, then there are i ∈ Σ, 0 < ̺ < dist(X, C), and 0 < c < 1 such that µ(B(ϕ i|n (x), ̺r i|n )) µ(ϕ i|n (X C )) c n−m r s σ m (i|n) µ(ϕ i|m (X C )) c n−m r s σ m (i|n) µ(B(ϕ i|n (x), r i|m diam(X C ))) (3.10) for all n ∈ N and m ∈ {1, . . . , n}. Indeed, the second inequality in (3.10) holds since, by [17, Equation (5.4) ], µ(ϕ i|n (X C )) cr σ n−1 (i|n) µ(ϕ i| n−1 (X C )). Write r = min i∈{1,...,N } r i and let η = 1 2 log c/ log r > 0. Note that cr −η < 1 and r k r j for all j ∈ Σ k and k ∈ N. For each 0 < θ < 1 and n ∈ N choose m ∈ {1, . . . , n} such that
Relying on (3.10) and (3.11), we see that
Since (cr −η ) n−m → 0 as n → ∞, it follows that dim θ A (µ) s + η > s for all 0 < θ < 1. Noting that η does not depend on θ, we have thus shown (3.9) and finished the proof.
We do not know if the doubling assumption can be dropped in Proposition 3.4. We formulate our considerations as a question. Question 3.5. On a given compact doubling metric space, does there exist a fully supported finite Borel measure µ such that dim M (µ) = dim M (X)?
Packing dimension
Theorem A implies rather straightforwardly the following anti-Frostman lemma for the packing dimension; compare it to [5, Lemma 3.3] . Define the lower s-density of µ at x ∈ X by Θ s * (µ, x) = lim inf r↓0 µ(B(x, r)) (2r) s and notice that, as a function of s, it is increasing.
Lemma 4.1. If X is a compact doubling metric space and dim p (X) < s, then there exists a fully supported finite Borel measure µ on X such that
Proof. Let dim p (X) < s ′ < s and notice that, by [23, §5.9], X has a cover {X n } n∈N of compact sets such that X n ⊂ X and dim M (X n ) < s ′ for all n ∈ N. Therefore, for each n ∈ N, by Theorem A, there exist a fully supported Borel probability measure µ n on X n and a constant c n > 0 such that µ n (B(x, r)) c n r s for all x ∈ X n and 0 < r < 1. The measure µ = n∈N 2 −n µ n is a fully supported Borel probability measure on X and satisfies lim inf
for all x ∈ X.
Define the anti-Frostman dimension of µ to be dim aF (µ) = inf{s 0 : Θ s * (µ, x) > 0 for all x ∈ X}. Note that dim aF (µ) dim M (µ) for all measures µ. The following example shows that the inequality can be strict.
Example 4.2. In this example, we exhibit a compact set X ⊂ R and a fully supported finite Borel measure µ on X for which dim aF (µ) < dim M (µ).
Let X = {0} ∪ {1/n} n∈N and define
where δ x is the Dirac mass at x. Notice that µ is clearly fully supported and µ(X) = 1+ ∞ n=1 n −2 = 1 + π 2 /6 < ∞. Therefore, by Theorem A, dim M (µ) dim M (X) = 1 2 . Let s > 0. Fix n ∈ N and choose 0 < r < min{ 1 2 (n 2 + n) −1 , n −2/s }. Notice that the ball B( 1 n , r) contains only the center point 1 n . Therefore, µ(B( 1 n , r)) = µ({ 1 n }) = n −2 r s . Since also µ(B(0, r)) 1 r s , we have shown that Θ s * (µ, x) > 0 for all x ∈ X and s > 0. Therefore, dim aF (µ) = 0. Proof. Write s n = dim p (X) − 1 n for all n ∈ N. For every n ∈ N, by [16, Theorem 1], there exists a compact set K n ⊂ X such that 0 < P sn (K n ) < ∞, where P s is the s-dimensional packing measure; see [4] . Define µ n = P sn | Kn P sn (K n ) and µ = n∈N 2 −n µ n , and note that µ is a Borel probability measure.
To show the first equality, let A ⊂ X be a Borel set with µ(X \ A) = 0. Since 1 = µ(A) = n∈N 2 −n µ n (A), we have µ n (A) = 1 and P sn (K n ∩ A) = P sn (K n ) for all n ∈ N. Therefore, P sn (A) P sn (K n ∩ A) = P sn (K n ) > 0 and dim p (A) s n = dim p (X) − 1 n for all n ∈ N. It follows that dim p (A) = dim p (X) and hence, dim p (µ) = dim p (X).
To see the second equality, fix n ∈ N and let A ⊂ X be a Borel set such that µ n (A) > 0. Since P sn (A) P sn (K n ∩ A) = µ n (A)P sn (K n ) > 0, we have dim p (A) s n = dim p (X) − 1 n and hence, dim p (µ n ) dim p (X) − 1 n giving the claim. Let us then show the third equality. If µ is a fully supported finite Borel measure on X and dim aF (µ) < s, then Θ s * (µ, x) > 0 for all x ∈ X and thus, by [4, Theorem 3.16 ], dim p (X) s. On the other hand, if dim p (X) < s, then, by Lemma 4.1, there there exists a fully supported finite Borel measure µ on X such that Θ s * (µ, x) > 0 for all x ∈ X and hence, dim aF (µ) s. 
where t 1 = (0, 0), t 2 = (0, 2), t 3 = (2, 2), and t 4 = (2, 0). Write ϕ i = ϕ i 1 • · · · • ϕ i k for all i = i 1 · · · i k ∈ {1, . . . , 4} k and k ∈ N. Denote the element 1 · · · 1 of {1, . . . , 4} k consisting only of 1's by 1 k . Let X n ⊂ R 2 be a compact set with dim p (X n ) = s n for all n ∈ N. Define
see Figure 1 for an illustration. Observe that X ⊂ R 2 is compact and, as it contains s n -dimensional subsets, dim p (X) s n for all n ∈ N and hence, dim p (X) s. Let µ be a finite Borel measure on X.
If µ(X \ B(0, r)) = 0 for all r > 0, then µ is supported at the origin and therefore, has dimension zero. But if there is r > 0 such that µ(X \ B(0, r)) > 0, then, by choosing A = X \ B(0, r), we have µ(A) > 0 and dim p (A) s n < s for some n ∈ N. Therefore, dim p (µ) < s as claimed. 
Lower spectrum
A natural counter-part to the Assouad dimension is the lower dimension introduced in [21] . Analogously to the Assouad dimension and spectrum, the lower dimension gives rise to the lower spectrum. In this section, we show that, interestingly, the lower spectrum does not behave as the Assouad spectrum in Proposition 5.1. If X is a compact metric space and µ is a fully supported finite Borel measure on X, then dim θ L (µ) dim F (µ) for all 0 < θ < 1.
Proof. Let 0 < θ < 1 and t < s < dim θ L (µ). Fix 0 < r < 1 and choose k ∈ N such that
Similarly as in the proof of Proposition 2.1, we see that
for all x ∈ X. Since (− log r) − log C/ log θ r s−t → 0 as r ↓ 0, it follows that there is a constant C ′ 1 such that µ(B(x, r)) C ′ r t for all x ∈ X and 0 < r < 1. Hence, dim F (µ) t as required.
The lower spectrum of X is dim θ L (X) = sup{s 0 : there exists a constant 0 < c 1 such that N r (B(x, r θ )) c r θ r s for all x ∈ X and 0 < r < 1} for all 0 < θ < 1 and the lower Minkowski dimension of X is dim M (X) = lim inf r↓0 log N r (X) − log r .
If dim M (X) = dim M (X), then the common value is denoted by dim M (X). Let q > p > 1 and N ∈ {2, . . . , pq} be integers, and A ⊂ {0, . . . , p − 1} × {0, . . . , q − 1} a set of N elements. A Bedford-McMullen carpet is the invariant set X ⊂ [0, 1] 2 associated to a tuple (ϕ i ) N i=1 of affine mappings which all have the same linear part diag( 1 p , 1 q ) and the translation part is from the set {( j p , k q ) ∈ [0, 1] 2 : (j, k) ∈ A}. Write n j = #{k : (j, k) ∈ A} to denote the number of sets ϕ i ([0, 1) 2 ) the vertical line {( j p , y) : y ∈ R} intersects. If there is n ∈ N such that n j = n for all j with n j = 0, then the Bedford-McMullen carpet X satisfies dim H (X) = dim M (X) = dim A (X); otherwise, dim H (X) < dim M (X) < dim A (X); see [22] . Here dim H denotes the Hausdorff dimension; see [23, §4] .
Example 5.2. In this example, we exhibit a compact set X ⊂ R 2 for which there exist η > 0 and 0 < θ < 1 such that dim θ L (X) − dim θ L (µ) η for all finite Borel measures µ on X. By [9, Theorem 3.3], for any Bedford-McMullen carpet X it holds that lim θ↓0 dim θ L (X) = dim M (X). Let X be a Bedford-McMullen carpet such that dim H (X) < dim M (X). Write η = (dim M (X) − dim H (X))/2 > 0 and choose 0 < θ < 1 such that dim θ L (X) dim H (X) + η. (5.1)
Let µ be a finite Borel measure on X. If s < dim F (µ), then there is a constant C 1 such that µ(B(x, r)) Cr s for all x ∈ X and 0 < r < 1. Since µ(X) i µ(U i ) C i diam(U i ) s for all δ-covers {U i } i of X, we get H s δ (X) µ(X) > 0 for all δ > 0 and, consequently, the s-dimensional Hausdorff measure of X is H s (X) = lim δ↓0 H s δ (X) > 0. It follows that dim H (X) dim F (µ). Remark 5.3. By [7, Theorem 6.3.1], it holds that lim θ↓0 dim θ L (X) = dim M (X) for every invariant set X associated to a tuple of bi-Lipschitz contractions. Therefore, any such X satisfying dim H (X) < dim M (X) has the property described in Example 5.2. Therefore, recalling Theorem A, the natural pair is the Hausdorff dimension and the upper Minkowski dimension. This is rather interesting as usually Hausdorff and packing dimensions/measures form the pair.
